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Enumeration of S-omino towers and
row-convex k-omino towers
Alexander M. Haupt
We first analyse a generalisation of domino towers that was proposed by Tricia M. Brown
(J. Integer Seq. 20.3 (2017), Art. 17.3.1), which we call S-omino towers. We establish
equations that the generating function must satisfy and then apply the Lagrange Inversion
Formula to find a closed formula for the number of towers. We proceed by showing a
bijection between a certain set of S-omino towers and generalised Dyck paths. Finally,
we consider the set of row-convex k-omino towers, introduced by Brown, and calculate an
exact generating function.
1 Introduction
Definition 1. A domino tower is a two-dimensional structure of rectangular blocks of width 2 and
height 1, such that
• the area covered by the dominos in the bottom row is convex,
• every domino above the bottom row is “supported” by a block in the row below.
The problem of counting domino towers, with the additional constraint that dominos cannot be
placed directly on top of another, was first mentioned by Viennot [Vie85] and subsequently by many
others, see e.g. Zeilberger [Zei12]. If this additional constraint is imposed, we call the domino tower
restricted. Rather surprisingly, the number of restricted domino towers made up of exactly n blocks
is simply 3n−1. See Figures 1 and 2 for a restricted and an unrestricted domino tower.
Figure 1: A restricted domino towers with
9 blocks.
Figure 2: An unrestricted domino towers
with 9 blocks.
There is a simple connection between restricted and unrestricted towers, that we briefly explain
here.
Note that the ordinary generating function corresponding to the sequence (3n−1)n∈N is x + 3x2 +
9x3+27x4+ . . . =
∑
∞
n=1 3
n−1xn = x1−3x . Now consider a restricted domino tower. After replacing each
domino by a vertical stack of arbitrarily many dominos, and pushing up blocks as necessary, we end
up with an unrestricted domino tower. This process is reversible: To recover the original restricted
1
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Figure 3: Illustration of the substitution of x with x1−x .
tower, we can simply delete dominos that are resting directly on another and close vertical gaps by
dropping pieces. See Figure 3 for an illustration. This is an example of a substitution as defined in
[FS09, Definition I.14]. In terms of the generating functions this operation therefore corresponds to
replacing x with x + x2 + x3 + . . . = x1−x . From the generating function for the restricted case
x
1−3x
we can now deduce the generating function for the unrestricted case:
x
1− 3x
 
x
1−x
1− 3 · x1−x
=
x
1− 4x
,
from which we can read off the number of unrestricted domino towers: 4n−1.
In 2016, Brown generalised the problem to unrestricted towers made up of rectangles of width k,
which she called k-omino towers. She also introduced a variable b ≥ 1 for the number of blocks in the
bottom row. The answer then turns out to be:
(kn−1
n−b
)
, see [Bro17b]. Summing over all b then yields
the total number of towers, which can be expressed using the Gauss hypergeometric function 2F1,
where
2F1(a, b; c; z) =
∞∑
j=1
(a)j(b)j
(c)j
zj
j!
and (x)j = x(x+ 1) . . . (x+ j − 1) denotes the rising Pochhammer symbol.
Brown also suggested that counting towers using rectangles of mixed widths could be interesting for
other applications [Bro17a, p. 17]. In this paper we study this generalisation by allowing rectangles
with any width in a fixed finite list S = (s1, . . . , sm) of positive integers. We call this set of towers
S-omino towers. For fixed (n1, . . . , nm) with n = n1 + . . .+ nm, we count the number of unrestricted
towers made out of n blocks in total, of which ni are of width si, for all i, and exactly b ≥ 1 blocks in
the bottom row, which as before has to be convex.
Remark 2. It should be noted that the heights of the blocks do not change the result: All towers
with non-unit heights can be mapped to towers with unit heights – simply by shrinking the blocks down
to height 1, and closing vertical gaps, by dropping pieces. This process is reversible, assuming the
previous height of the blocks is known. In particular setting S = (1, k) for k ≥ 2 corresponds to
stacking k-ominos horizontally or vertically.
We assume that si 6= sj for i 6= j, so that we can talk about blocks having width si without accidentally
referring to a different sj. However, we remark that the results do not change if S is allowed to
contain a width multiple times with a caveat: Although the blocks may have the same width, they are
not interchangeable. This can be useful for when there are multiple allowed shapes of equal width, but
not necessarily of the same height or colour.
We now state the first result of this paper and prove it in the second section. Note that for S = (k)
we, of course, recover the same formula as found by Brown.
Theorem 3. Let S = (s1, . . . , sm) be the list of allowed widths, (n1, . . . , nm) be a list of non-negative
integers and n = n1 + . . . + nm ≥ 1. The number of S-omino towers with n blocks of which ni have
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width si, for all i, and exactly b blocks in the convex bottom row equals:(
n
n1, . . . , nm
)(
−1 +
∑m
i=1 sini
n− b
)
.
Summing over all b ∈ {1, . . . , n} we deduce that the total number of S-omino towers for fixed (n1, . . . , nm)
is: (
n
n1, . . . , nm
)(
−1 +
∑m
i=1 sini
n− 1
)
2F1
(
1, 1 − n; 1 +
m∑
i=1
(si − 1)ni;−1
)
.
In the third section, we describe a bijection between S-omino towers and generalised Dyck paths,
as defined in [Ruk11]. Finally, in the fourth section, we turn our attention to special types of k-omino
towers:
Definition 4. A tower is called column-convex or row-convex if all its columns or respectively rows
are convex. Further, a tower is called convex if it is both column- and row-convex.
In 2016, Brown calculated the generating function for convex towers and asked whether row-convex
towers can be counted as well, see [Bro17a, p. 17]. We tackle that problem in the fourth section.
Definition 5. Let g(n) be the number of row-convex k-omino towers made up of n k-ominos. We
also define fℓ(n) to be the number of row-convex k-omino towers made up of n k-ominos resting on a
platform of width ℓk.
By adapting a method that Privman and Švrakić used in 1988 to calculate so-called fully di-
rected compact lattice animals, see [PŠ88], we calculate the generating functions G(z) =
∑
∞
n=0 g(n)z
n
and Fℓ(z) =
∑
∞
n=0 fℓ(n)z
n:
Theorem 6. We have:
G(z) =
∞∑
ℓ=1
zℓFℓ(z)
where
Fℓ(z) =
(1 + kz)T1,ℓ + (kz2 − 1)T2,ℓ + (k − 1)z3T3,ℓ
(1− (2k − 1)(1 + z)z + k2z3)T1,2 + (k − 1)((2k − 1)z − 1)z3T1,3 + (k − 1)2z5T2,3
,
Ts,t(z) = AsBt −AtBs,
Aℓ(z) =
∞∑
j=0
zℓjhj
(z; z)2j
,
Bℓ(z) =
∞∑
j=0
zℓjhj
(z; z)2j
(
ℓ+
j∑
m=1
(
1 +
2
1− zm
−
1
1 + (k − 1)zm
))
,
hj(z) := z
j(j+1) ((1− k)z; z)j .
2 S-omino towers
The main tool we use in the calculation is the following version of the Lagrange Inversion Formula,
see [Bón15, Section 2.6] and [Ges16]. Here [xn]G(x) denotes the coefficient of xn in the formal power
series G(x).
2 S-omino towers 4
Figure 4: The set W1
Figure 5: The set U
Figure 6: The set V1
Figure 7: The set H1
Proposition 7 (The Lagrange Inversion Formula [Bón15]). Let Y (x) = xΦ(Y ), where Φ(Y ) is a
power series such that Φ(0) 6= 0. Then for any power series g(Y ) and n ≥ 1 we have
[xn]g(Y ) =
1
n
[yn−1]g′(y)(Φ(y))n.
Before we apply this theorem, we introduce four sets of S-omino towers:
• For b ≥ 1, Wb is the set of S-omino towers that have exactly b blocks in the convex bottom row.
• For ℓ ≥ 1, Vℓ is the set of S-omino towers that are supported by a platform of width ℓ. This
platform is different to a block in that it does not count towards the number of blocks and we
allow ℓ /∈ S. It acts as a platform that the blocks in the bottom row have to rest on. This
bottom row does not need to be convex.
• U is the set of S-omino towers in W1 that have no block intersecting the vertical line passing
through the left end of the bottom block.
• For ℓ ≥ 1, Hℓ is the set of S-omino towers in Vℓ that have no block intersecting the vertical line
passing through the left end of the platform.
Figures 4 to 7 show all towers in these sets when S = (2) and n = n1 = 2.
Definition 8. Let T be a tower made out of any number of blocks with widths in S. Then for all i
we define ni(T ) as the number of blocks of width si in the tower T and then the weight of a tower T
by weight(T ) :=
∏m
i=1(xyi)
ni(T ), where x, y1, . . . , ym are formal variables. The exponent of x therefore
is
∑m
i=1 ni(T ), i.e. the total number of blocks.
For each of the four sets above, we use multivariate generating functions denoted by
Wb = Wb(x, y1, . . . , ym) =
∑
T∈Wb
weight(T )
and similarly for the other sets Vℓ, U and Hℓ.
Lemma 9. The generating functions satisfy:
(a) Hs = (1 + U)s, Vs = V1(1 + U)s−1, Wb = W1U b−1
(b) U =
∑m
i=1 xyi(1 + U)
si
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(c) 1
V1
= 1−
∑m
i=1 xyisi(1 + U)
si−1
(d) (1 + U)W1 = V1U
(e) Wb
x
= U
b−1
1+U
dU
dx
, where dU
dx
denotes the formal derivative series.
Proof. To show (a), consider a tower in Hs+1 for some s ≥ 1. We can uniquely partition its blocks
into two parts: The blocks that are resting solely on the rightmost unit of the platform, i.e. the
blocks that would fall down if the platform were shortened by 1, and the rest. The generating
functions are 1 + U and Hs, respectively. This process is reversible and thus results in the following
relation: Hs+1 = Hs(1 + U). Also note that H1 = 1 + U . Therefore we have Hs = (1 + U)s. We can
show Vs = V1(1 + U)s−1 and Wb = W1U b−1 using analogous arguments.
Figure 8: Illustration of H3 = H2(1 + U)
Figure 9: Illustration of W3 = W1U2
For (b) we note that the single block in the bottom row of a tower in U acts as a platform for the
remaining blocks. By conditioning on its width, we get
U =
m∑
i=1
xyiHsi =
m∑
i=1
xyi(1 + U)
si .
Now consider a tower in V1. There can be at most one block resting directly on the platform. Again,
by conditioning on the width of this block, we get
V1 = 1 +
m∑
i=1
xyisiVsi = 1 + V1
m∑
i=1
xyisi(1 + U)
si−1,
as there are si different positions of the block relative to the platform. Part (c) follows after rearranging.
Next we show part (d):
(1 + U)W1 = (1 + U)
m∑
i=1
xyiVsi = V1
m∑
i=1
xyi(1 + U)
si = V1U.
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Finally, by differentiating the result from part (b) with respect to x and using part (c), we get:
U
x
=
dU
dx
(
1−
m∑
i=1
xyisi(1 + U)
si−1
)
=
dU
dx
1
V1
.
Part (e) now follows from part (a) and (d).
We are now ready to prove Theorem 3.
Proof of Theorem 3. We consider our multivariate power series in x, y1, . . . , ym as power series in x
with coefficients in the ring of multivariate formal power series in y1, . . . , ym and use the Lagrange
Inversion Formula (Proposition 7):
[xn]Wb = n · [x
n]
∫
Wb
x
dx
= n · [xn]
∫
U b−1
1 + U
dU
= [un−1]
ub−1
1 + u
( ∑
i∈[m]
yi(1 + u)
si
)n
= [un−b]
1
1 + u
( ∑
i∈[m]
yi(1 + u)
si
)n
,
[yn11 . . . y
nm
m ][x
n]Wb = [y
n1
1 . . . y
nm
m ][u
n−b]
1
1 + u
( ∑
i∈[m]
yi(1 + u)
si
)n
= [un−b]
1
1 + u
(
n
n1, . . . , nm
)
m∏
i=1
(1 + u)sini
= [un−b]
(
n
n1, . . . , nm
)
(1 + u)−1+
∑
m
i=1
sini
=
(
n
n1, . . . , nm
)(
−1 +
∑m
i=1 sini
n− b
)
.
Now, summing over all b ∈ {1, . . . , n} we can express the total number of S-omino towers for
given (n1, . . . , nm) in terms of the Gauss hypergeometric function 2F1.
[xnyn11 . . . y
nm
m ]
n∑
b=1
Wb
=
n∑
b=1
(
n
n1, . . . , nm
)(
−1 +
∑m
i=1 sini
n− b
)
=
(
n
n1, . . . , nm
)(
−1 +
∑m
i=1 sini
n− 1
)
n−1∑
b=0
(n− 1)!(−n +
∑m
i=1 sini)!
(n− 1− b)!(b− n+
∑m
i=1 sini)!
=
(
n
n1, . . . , nm
)(
−1 +
∑m
i=1 sini
n− 1
)
n−1∑
b=0
(1)b(1− n)b
(1− n+
∑m
i=1 sini)b
(−1)b
b!
=
(
n
n1, . . . , nm
)(
−1 +
∑m
i=1 sini
n− 1
)
2F1
(
1, 1− n; 1 +
m∑
i=1
(si − 1)ni;−1
)
.
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This completes the proof of Theorem 3. Note that in general 2F1 represents an infinite series, which,
however, terminates in our case as 1− n is a non-positive integer.
Remark 10. We can find closed formulas for the other sets of towers analogously. For example:
[yn11 . . . y
nm
m ][x
n]U = [yn11 . . . y
nm
m ]
1
n
[un−1]
( ∑
i∈[m]
(1 + u)si
)n
=
1
n
[un−1]
(
n
n1, . . . , nm
)
m∏
i=1
(1 + u)sini
=
1
n
(
n
n1, . . . , nm
)(∑m
i=1 sini
n− 1
)
.
3 Bijection between U and generalised Dyck paths
In this section we give an alternative method of counting the set of towers U by giving an explicit
bijection between U and generalised Dyck paths. However, this method does not immediately give a
formula for Wb.
First, we give the definition of generalised Dyck paths as in [Ruk11]. Note that some variable names
clash with ours.
Definition 11. Let hn = {(t1, l1), . . . , (tm, lm)} be a set of pairs of ordered positive integers such
that t1l1 + · · · tmlm = n and li 6= lj for i 6= j. We define a hn-Dyck path as a sequence c of the
elements li and the element 0, satisfying that every element li appears exactly ti times and the
element 0 appears exactly n times in the sequence c. Then the length of the sequence is n+ t1+ · · · tm.
Now we describe the bijection: Given a tower in U , order the blocks as b1, . . . , bn such that:
(1) It is possible to build the tower by dropping the blocks in this order. Equivalently, if two blocks
share a column, then the lower block gets a smaller number.
(2) The left border of bi+1 is strictly to the left of the right border of bi, for all i ∈ {1, . . . , n− 1}.
This ordering is unique. We then flip the tower diagonally such that the left hand side is now the
bottom. Next, let bi denote the vertical height of the top end of block bi and bi+1 denote the vertical
1
2
3
4
5
6
7
8
1
2
3
4
5
6
7
8
Figure 10: First step: Flip the tower
height of the bottom end of block bi+1. We then continue by spacing out the blocks horizontally such
that from left to right, the blocks are ordered with respect to the ordering above and between blocks
bi and bi+1 there is a horizontal gap of width bi − bi+1 − 1, which is ≥ 0 by part (2) of the definition
of the ordering, and draw a line as illustrated in Figure 11.
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1
2
3
4
5
6
7
8
Figure 11: Second step: The corresponding generalised Dyck-path is drawn in black
This shows the bijection between U and {(n1, s1−1), . . . , (nm, sm−1)}-Dyck paths. More specifically,
an li in the sequence c corresponds to an upward step by si− 1. A 0 in the sequence c corresponds to
a downward step by 1. Matching our formula from above, we get
1
1 +
∑m
i=1(si − 1)ni
(
n+
∑m
i=1(si − 1)ni∑m
i=1(si − 1)ni, n1, . . . , nm
)
=
1
n
(∑m
i=1 sini
n− 1
)(
n
n1, . . . , nm
)
after using the formula given by Rukavicka, see [Ruk11, Theorem 2.1].
4 Row-convex k-omino towers
Next, we consider row-convex k-omino towers, as defined in Definition 4. By conditioning on the width
of the bottom row, we see that f and g are related by the equation
g(n) =
n∑
ℓ=1
fℓ(n− ℓ), or equivalently G(z) =
∞∑
ℓ=1
zℓFℓ(z).
To improve readability, from now on we write Fℓ(z) as Fℓ and similarly for G(z) and hn(z), α(z)
and β(z) which are yet to be introduced.
If the platform has width ℓ and the bottom row consists of i blocks, there are (ℓ + 2 − i)k − 1
positions the blocks in the row above could take such that the row is convex and they do not fall off
the sides. This can be seen by an argument similar to the one given in [Bro17a, Proposition 2.5]. We
immediately find the recurrence:
fℓ(n) =
ℓ+1∑
i=1
(
(ℓ+ 2− i)k − 1
)
fi(n− i), for n ≥ 1, where we define (1)
fℓ(0) = 1 and fℓ(n) = 0, for n < 0.
We now reduce this recurrence in f to a much simpler one and then prove
Lemma 12. Fℓ satisfies the following recurrence relation and boundary conditions:
Fℓ+2 − 2Fℓ+1 + Fℓ = z
ℓ+2Fℓ+2 + (k − 1)z
ℓ+3Fℓ+3, (2)
F1 = 1 + (2k − 1)zF1 + (k − 1)z
2F2,
F2 = 1 + (3k − 1)zF1 + (2k − 1)z
2F2 + (k − 1)z
3F3.
(3)
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Proof. First, we calculate
fℓ+1(n)− fℓ(n) = (k − 1)fℓ+2(n− ℓ− 2) + k
ℓ+1∑
i=1
fi(n− i)
and then use this result twice as follows:
fℓ+2(n)− 2fℓ+1(n) + fℓ(n)
=
(
fℓ+2(n)− fℓ+1(n)
)
−
(
fℓ+1(n)− fℓ(n)
)
= (k − 1)fℓ+3(n− ℓ− 3) + fℓ+2(n− ℓ− 2).
The corresponding recurrence in terms of Fℓ is
Fℓ+2 − 2Fℓ+1 + Fℓ
=
∞∑
n=0
(
fℓ+2(n)− 2fℓ+1(n) + fℓ(n)
)
zn
=
∞∑
n=0
(
fℓ+2(n− ℓ− 2) + (k − 1)fℓ+3(n− ℓ− 3)
)
zn
=zℓ+2Fℓ+2 + (k − 1)z
ℓ+3Fℓ+3.
The boundary conditions are obtained by plugging in ℓ = 1 and ℓ = 2 into (1).
To solve the recurrence (2), we first guess that there is a solution of the form
∞∑
j=0
zℓjhj(z)
(z; z)2j
and then determine an hj(z) such that the recurrence relation holds. Here (a; q)n =
∏n−1
i=0 (1 − aq
i)
denotes the q-Pochhammer symbol.
That this method works is not surprising: In 1988, Privman and Švrakić successfully found an
exact generating function for fully directed compact lattice animals using this approach, see [PŠ88].
The two problems are related, as the set of objects they were considering can by bijected with the
restricted row-convex domino towers. The number of dominos in the bottom row maps to the number
of compact sources of the directed animal. For an illustration of this bijection see Figure 12.
Figure 12: Illustration of the bijection between “restricted” row-convex domino towers and fully di-
rected compact lattice animals
After adapting their method we end up with two solutions Aℓ and Bℓ, which we now check:
Lemma 13. Two solutions of (2) are:
Aℓ :=
∞∑
j=0
zℓjhj
(z; z)2j
and
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Bℓ :=
∞∑
j=0
zℓjhj
(z; z)2j

ℓ+ j∑
m=1
(
1 +
2
1− zm
−
1
1 + (k − 1)zm
) , where
hj := z
j(j+1) ((1− k)z; z)j .
Proof. First we calculate the ratio
hj
hj−1
=
zj(j+1)
z(j−1)j
∏j
i=1(1− (1− k)z
i)∏j−1
i=1 (1− (1− k)z
i)
= z2j(1 + (k − 1)zj).
Then we show that the recurrence holds
Aℓ+2 − 2Aℓ+1 +Aℓ
=
∞∑
j=0
hj
(z; z)2j
(
z(ℓ+2)j − 2z(ℓ+1)j + zℓj
)
=
∞∑
j=1
hj−1
(
z2j + (k − 1)z3j
)
(z; z)2j
zℓj
(
1− zj
)2
=
∞∑
j=1
hj−1
(
z(ℓ+2)j + (k − 1)z(ℓ+3)j
)
(z; z)2j−1
=
∞∑
j=0
hj
(
z(ℓ+2)(j+1) + (k − 1)z(ℓ+3)(j+1)
)
(z; z)2j
= zℓ+2Aℓ+2 + (k − 1)z
ℓ+3Aℓ+3.
Similarly, we can prove that Bℓ is a solution. The interested reader can find the detailed calculation
for this in the Appendix.
We have yet to find a solution that satisfies the boundary conditions. A suitable linear combination
of Aℓ and Bℓ, however, does the trick. In general, setting Fℓ = αAℓ+βBℓ and solving the simultaneous
equations c1F1 + c2F2 + c3F3 = 1 and d1F1 + d2F2 + d3F3 = 1 for α and β yields after some algebra:
α =
−(c1 − d1)B1 − (c2 − d2)B2 − (c3 − d3)B3
(c1A1 + c2A2 + c3A3)(d1B1 + d2B2 + d3B3)− (c1B1 + c2B2 + c3B3)(d1A1 + d2A2 + d3A3)
,
β =
(c1 − d1)A1 + (c2 − d2)A2 + (c3 − d3)A3
(c1A1 + c2A2 + c3A3)(d1B1 + d2B2 + d3B3)− (c1B1 + c2B2 + c3B3)(d1A1 + d2A2 + d3A3)
.
Now setting
c1 = 1− (2k − 1)z, c2 = −(k − 1)z
2, c3 = 0,
d1 = −(3k − 1)z, d2 = 1− (2k − 1)z
2, d3 = −(k − 1)z
3
as in (3) and plugging α and β into Fℓ = αAℓ + βBℓ yields the result of Theorem 6.
5 Comments and open questions
1. One might reconsider the “restricted” problem. Using a substitution similar to the one mentioned
in the introduction, we can deduce the generating function for the restricted case:
Wb(1,
xy1
1 + xy1
, . . . ,
xym
1 + xym
).
REFERENCES 11
However, is it possible to find a direct way of enumerating the generating function of restricted
towers and a closed formula for its coefficients?
2. Is there a nice bijection that counts Wb directly?
3. In this paper we have counted S-omino towers and row-convex towers. Is it possible to combine
the two ideas and count row-convex S-omino towers?
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Appendix
For the sake of completeness, we show that Bℓ is a solution to (2).
Bℓ+2 − 2Bℓ+1 +Bℓ
=
∞∑
j=0
hj
(z; z)2j
(
(ℓ+ 2)z(ℓ+2)j − 2(ℓ+ 1)z(ℓ+1)j + ℓzℓj
+
(
z(ℓ+2)j − 2z(ℓ+1)j + zℓj
) j∑
m=1
(
1 +
2
1− zm
−
1
1 + (k − 1)zm
))
=
∞∑
j=1
hj
(z; z)2j
zℓj
(
1− zj
)2 (
2 + ℓ−
2
1− zj
+
j∑
m=1
(
1 +
2
1− zm
−
1
1 + (k − 1)zm
))
=
∞∑
j=1
hj−1
(
z(ℓ+2)j + (k − 1)z(ℓ+3)j
)
(z; z)2j−1
(
2 + ℓ−
2
1− zj
+
j∑
m=1
(
1 +
2
1− zm
−
1
1 + (k − 1)zm
))
=
∞∑
j=1
hj−1
(
z(ℓ+2)j + (k − 1)z(ℓ+3)j
)
(z; z)2j−1
(
3 + ℓ−
1
1 + (k − 1)zj
+
j−1∑
m=1
(
1 +
2
1− zm
−
1
1 + (k − 1)zm
))
=
∞∑
j=1
hj−1
(z; z)2j−1
(
(ℓ+ 2)z(ℓ+2)j + (k − 1)(ℓ + 3)z(ℓ+3)j
+
(
z(ℓ+2)j + (k − 1)z(ℓ+3)j
) j−1∑
m=1
(
1 +
2
1− zm
−
1
1 + (k − 1)zm
))
=
∞∑
j=0
hj
(z; z)2j
(
(ℓ+ 2)z(ℓ+2)(j+1) + (k − 1)(ℓ + 3)z(ℓ+3)(j+1)
+
(
z(ℓ+2)(j+1) + (k − 1)z(ℓ+3)(j+1)
) j∑
m=1
(
1 +
2
1− zm
−
1
1 + (k − 1)zm
))
=zℓ+2Bℓ+2 + (k − 1)z
ℓ+3Bℓ+3.
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